We introduce the uncertain generalized probabilistic weighted averaging (UGPWA) operator. It is an aggregation operator that unifies the probability and the weighted average in the same formulation considering the degree of importance that each concept has in the aggregation. Moreover, it is able to assess uncertain environments that can not be assessed with exact numbers but it is possible to use interval numbers. Thus, we can analyze imprecise information considering the minimum and the maximum result that may occur. We analyze the applicability of this new approach in a multiperson decision making problem by using the theory of expertons.
Introduction
Aggregation operators are very common in the literature [1, [21] [22] [23] 27] . They are very useful for assessing the available information in a more efficient way. One of the most common aggregation operators is the weighted average. It aggregates the information by giving different degrees of importance to the arguments considered in the problem. It has been used in an astonishingly wide range of applications [1, 19, 21] . Another very common aggregation operator is the probabilistic aggregation. It aggregates the information by using probabilities in the analysis. It has also been applied in a lot of applications [8] [9] 26] .
Another type of aggregation operators that are also becoming very popular in the literature are the generalized aggregation operators [1, [10] [11] [12] [13] 15, 24, 28] . Its main characteristic is that it generalizes a wide range of aggregation operators by using generalized and quasiarithmetic means. Thus, we can include in the same formulation arithmetic aggregations, geometric aggregations or quadratic aggregations.
Recently, Merigó [7] has suggested a new approach that unifies the probability and the weighted average in the same formulation and considering the degree of importance of each concept in the aggregation. He has called it the probabilistic weighted averaging (PWA) operator. Its main advantage is that it can consider subjective and objective information in the same formulation. Thus, it is able to assess the information in a more complete way.
Usually, when dealing with these aggregation operators we assume that the information is clearly known and can be assessed with exact numbers. However, in real world problems, it is not so easy to assess the information because usually it is very complex and affected by different types of uncertainties. Thus, the use of exact numbers is not enough because it provides incomplete information and sometimes this may lead to wrong decisions. Therefore, in order to properly assess the information we need to use other techniques for representing the uncertainty in a more complete way such as the use of interval numbers. Note that by using interval numbers, the previous aggregation operators are known as the uncertain weighted average (UWA) and the uncertain probabilistic aggregation (UPA).
The aim of this paper is to present the uncertain generalized probabilistic weighted averaging (UGPWA) operator. It is a new aggregation operator that unifies the UWA and the UPA operator in the same formulation taking into account the degree of importance that each concept has in the analysis. Thus, it can represent the information considering subjective and objective perspectives and uncertain environments assessed with interval numbers. Moreover, it also uses generalized means that permits to provide a general framework that includes a wide range of particular cases including the UWA, the UPA, the uncertain generalized weighted average (UGWA), the uncertain generalized probabilistic aggregation (UGPA), the uncertain average (UA), the PWA operator, the uncertain PWA (UPWA) and many others.
We further generalize this approach by using quasiarithmetic means, obtaining the uncertain quasiarithmetic PWA (Quasi-UPWA) operator. It provides a more robust generalization that includes the UGPWA operator as a particular case.
We study the applicability of the new approach in a multi-person decision making problem regarding the selection of monetary policies by using the theory of expertons [5] [6] . The theory of expertons extends the concept of probabilistic set [4] for uncertain environments that can be assessed with interval numbers. The main advantage of this approach is that we can analyze the information of the group in a more complete way considering all the individual opinions and producing a final single result.
This paper is organized as follows. In Section 2 we briefly describe some basic concepts. Section 3 introduces the UGPWA operator and Section 4 analyzes several families. Section 5 develops an application in decision making with the theory of expertons and Section 6 summarizes the main results of the paper.
Preliminaries
In this Section we briefly review some basic concepts regarding the interval numbers, the uncertain generalized weighted average and the PWA operator.
The interval numbers
The interval numbers [17] are a very useful and simple technique for representing the uncertainty that has been used in a wide range of applications.
The interval numbers can be expressed in different forms. For example, if we assume a 4-tuple (a 1 , a 2 , a 3 , a 4 ), that is, a quadruplet; we could consider that a 1 and a 4 represents the minimum and the maximum of the interval number, and a 2 and a 3 , the interval with the highest probability or possibility, depending on the use we want to give to the interval numbers. Note that a 1 ≤ a 2 ≤ a 3 ≤ a 4 . If a 1 = a 2 = a 3 = a 4 , then, the interval number is an exact number; if a 2 = a 3 , it is a 3-tuple known as triplet; and if a 1 = a 2 and a 3 = a 4 , it is a simple 2-tuple interval number.
In the following, we are going to review some basic interval number operations as follows. Let A and B be two triplets, where A = (a 1 , a 2 , a 3 ) and B = (b 1 , b 2 , b 3 ). Then:
Note that other operations could be studied [13, 17, 20] but in this paper we focus on these ones.
The uncertain generalized weighted average
The uncertain generalized weighted average (UGWA) is an aggregation operator that generalizes the uncertain weighted average (UWA) operator by using generalized means. It is defined as follows. 
where each ã i is an interval number, and λ is a parameter such that λ ∈ (−∞, ∞) -{0}.
It includes a wide range of particular cases, such as the UWA (when λ = 1), the uncertain weighted geometric average (UWGA) (when λ → 0), the uncertain weighted quadratic average (UWQA) (when λ = 2) and the uncertain weighted harmonic average (UWHA) (when λ = -1).
The probabilistic weighted average
The probabilistic weighted averaging (PWA) operator [7] is an aggregation operator that unifies the probability and the weighted average in the same formulation considering the degree of importance that each concept has in the aggregation. It is defined as follows. Note that if β = 1, we get the probabilistic aggregation and if β = 0, the weighted average.
The uncertain generalized probabilistic weighted average
The uncertain generalized probabilistic weighted averaging (UGPWA) operator is an aggregation operator that unifies the probability and the weighted average in the same formulation considering the degree of importance that each concept has in the aggregation. Its main advantage is that it can assess uncertain environments that can not be assessed with exact numbers but it is possible to use interval numbers. Thus, we can analyze the imprecise information considering the minimum and the maximum result that can occur in each situation. Moreover, The UGPWA operator uses generalized means in order to provide a more general formulation that includes a wide range of particular cases such as the uncertain PWA (UPWA), the uncertain probabilistic weighted geometric average (UPGWA), the uncertain probabilistic weighted harmonic average (UPHWA), the uncertain probabilistic weighted quadratic average (UPQWA), and a lot of other cases. Note that in this aggregation, we unify the UGWA with the uncertain generalized probabilistic aggregation (UGPA) and we are able to include other unifications including the uncertain weighted geometric average (UWGA) with the uncertain probabilistic geometric average (UPGA) and the uncertain weighted quadratic average (UWQA) with the uncertain probabilistic quadratic average (UPQA). It is defined as follows.
Definition 3.
Let Ω be the set of interval numbers. An UGPWA operator is a mapping UGPWA: 
where the ã i are the argument variables represented in the form of interval numbers, β ∈ [0, 1] and λ and σ are a parameter such that λ, σ ∈ (−∞, ∞) -{0}.
Note that if the weighting vector of probabilities or WAs is not normalized, i.e.,
, then, the UGPWA operator is expressed as follows:
Note that it is possible to use a wide range of interval numbers in the aggregation process such as the 2-tuples, the triplets and the quadruplets. Moreover, note that sometimes it is not clear how to reorder the interval numbers. Therefore, it is necessary to establish a criterion for ranking interval numbers. For simplicity, we recommend the following method.
• For 2-tuples, calculate the arithmetic mean of the interval, with (a 1 + a 2 ) / 2.
• For 3-tuples and above, calculate a weighted average that yields more importance to the central values. That is, for 3-tuples, (a 1 + 3a 2 + a 3 ) / 5.
• For 4-tuples, we calculate: (a 1 + 3a 2 + 3a 3 + a 4 ) / 8.
• And so on.
In the case of a tie between the intervals, we select the interval with the lowest difference, i.e., (a 2 − a 1 ). For 3-tuples and above odd-tuples, we select the interval with the highest central value. Note that for 4-tuples and above even-tuples, we must calculate the average of the central values following the initial criteria.
The UGPWA is bounded, idempotent and monotonic. It is bounded because the UGPWA aggregation is delimitated by the minimum and the maximum. That is,
A further interesting issue to analyze are the measures for characterizing the weighting vector Vˆ. For example, the entropy of dispersion [15, 18, 22] measures the amount of information being used in the aggregation. For the UGPWA operator, it is defined as follows.
Note that i p is the ith weight of the UGPA aggregation and i ṽ the ith weight of the UGWA aggregation.
As we can see, if 1 = β or 0 = β , we get the classical Shannon entropy of dispersion [18] by using interval numbers.
The UGPWA operator can be further generalized by using quasi-arithmetic means [2, 13] obtaining the uncertain quasi-arithmetic PWA (Quasi-UPWA) operator. It is defined as follows. 
where the ã i are the argument variables represented in the form of interval numbers, β ∈ [0, 1] and g and h are strictly continuous monotonic functions.
As we can see, if g(a) = a λ and h(a) = a σ , the Quasi-UPWA operator becomes the UGPWA operator.
Families of UGPWA operators
The UGPWA operator includes a wide range of particular cases that are useful in some specific situations. 
UGA-PA
Remark 4. If i p = 1/n, for all i, we get the uncertain generalized arithmetic WA (UGA-WA). If we analyze different values of the parameter λ, we obtain another group of particular cases such as the usual UPWA operator, the UPGWA operator, the UP-QWA operator and the UPHWA operator. 1 ( β β (9) Note that if p i = 1/n, for all ã i , we get the uncertain arithmetic weighted average (UAWA) and if v i = 1/n, for all ã i , the uncertain arithmetic probabilistic aggregation (UAPA) operator. If p i = 1/n, for all ã i , we form the uncertain harmonic averaging weighted harmonic average (UHAWHA) and if v i = 1/n, for all ã i , the uncertain harmonic averaging probabilistic harmonic average (UHAPHA) operator.
UGA-WA
Note that if β = 1, we get the uncertain probabilistic harmonic aggregation (UPHA).
Remark 9.
When λ = σ = 2, we get the uncertain probabilistic weighted quadratic averaging (UPWQA) operator.
If p i = 1/n, for all ã i , we get the uncertain probabilistic quadratic averaging weighted quadratic average (UPQAWQA) and if v i = 1/n, for all ã i , we get the uncertain quadratic averaging probabilistic quadratic average (UQAPQA) operator. Note that if β = 1, we get the uncertain probabilistic quadratic aggregation (UPQA).
Moreover, we can also consider situations where λ ≠ σ. For example, we can form the following aggregation operators:
If λ = 1 and σ = 2, we get the uncertain probabilistic quadratic weighted averaging (UPQWA) operator. 1 ( β β (15) If λ = 2 and σ = 3, we obtain the uncertain quadratic probabilistic cubic weighted averaging (UQPCWA) operator.
Further situations could be considered by using mixture operators and norm aggregations [25] .
Application in decision making with the theory of expertons
In the following, we develop an uncertain multiperson decision making problem by using the theory of expertons [5] [6] . Note that an experton is an extension of the concept of probabilistic set [4] for uncertain environments that can not be assessed with exact numbers but it is possible to use interval numbers. It is very useful in group decision making problems because we can deal with the opinion of several experts in the analysis in a more efficient way since we can assess the information showing various details on their information and the general tendency of the opinion of the group. Note that in the literature, we can find a lot of other decision making approaches [3, 14, 16] .
Assume a country that it is analyzing its general strategy for the next year is planning its monetary policy and consider three alternatives.
• A 1 : Develop an expansive monetary policy.
• A 2 : Do not make any change.
• A 3 : Develop a contractive monetary policy.
In order to evaluate these strategies, the country is assessed with the opinion of five groups of experts. They consider that the key factor for the determination of the expected benefits with each monetary policy is the economic situation for the next year. They have summarized the possible scenarios in the following ones:
• S 1 : Bad economic situation.
• S 2 : Regular economic situation.
• S 3 : Good economic situation.
• S 4 : Very good economic situation.
Each group of experts evaluates the expected benefits of the country according to the economic situation for the next year. They give their opinion in the interval [0, 1] being 0 the lowest expected benefits (or highest loses) and 1 the highest ones. As the available information is very uncertain, the experts provide their information with interval numbers represented in the form of triplets. The results are shown in Tables 1, 2 , 3, 4 and 5.
With this information, we construct the expertons. Note that when using triplets, we refer to them as mexpertons [6] . The results are shown in Table 6 . Table 1 : Expert 1. Table 6 , we use the following methodology presented in Table 7 for the experton A 1 with S 2 . That is, first we calculate the absolute frequencies (the number of experts that gives each result). Next, we calculate the relative frequencies (we divide the absolute frequencies by the total number of experts) and finally, the accumulated relative frequency of the results (we sum from α = 1, the relative frequencies in an accumulated way until α = 0) [5] [6] . The same should be done for all the other expertons.
Next, we calculate the expected value of the expertons. For doing so, we sum all the levels of membership α excepting the 0 and divide the result by 10. The results are shown in Table 8 .
The results obtained in Table 8 can be used in an aggregation process in order to obtain a single result that permits us to see the expected benefits by using each alternative. Note that in this aggregation process we use several particular cases of the UGPWA operator. In this paper, we consider the UA, the UWA, the UPA and the UPWA operator. We assume that the UWA uses the following weighting vector V = (0.2, 0.2, 0.3, 0.3) with a 70% of importance and the UPA: P = (0.1, 0.3, 0.3, 0.3) with 30% of importance. The results are shown in Table 9 .
As we can see, each particular type of UGPWA operator may lead to different results and decisions. In this example, it seems that A 3 is the optimal choice.
Conclusions
We have presented the UGPWA operator. It is an aggregation operator that unifies the uncertain probabilistic aggregation and the UWA operator in the same formulation and considering the degree of importance that each concept has in the aggregation. Thus, it is very useful for uncertain environments where the available information is imprecise and can not be assessed with exact numbers but it is possible to use interval numbers. We have seen that the use of interval numbers permits to represent the information in a more complete way because we can assess the imprecise information by using minimums and maximums that guarantees that the information is contained inside these bounds.
Moreover, by using generalized aggregation operators, we have seen that the UGPWA operator includes a wide range of particular cases including the UPA, the UWA, the UGPA, the UGWA, the PWA, the GPWA, the UGA-PA and the UGA-WA operator. We have further generalized the UGPWA by using quasi-arithmetic means obtaining the Quasi-UPWA operator.
We have studied the applicability of the UGPWA operator in a multi-person decision making problem regarding the selection of monetary policies. We have used the theory of expertons in order to assess the multi-person analysis. Thus, we have represented the information in a more general way that considers the individual opinions inside the group and produces a final representative result. The main advantage of the UGPWA operator is that it can consider a wide range of scenarios by using different particular cases and select the one in closest accordance with the specific interests of the decision maker.
In future research we expect to develop further developments to this approach by adding more characteristics in the analysis such as the use of the ordered weighted averaging (OWA) operator and the unified aggregation operators (UAO). Moreover, we will also use other types of uncertain information such as fuzzy numbers or linguistic variables and other potential applications giving special attention to decision theory and statistics.
